Summation by parts is used to find the sum of a finite series of generalized harmonic numbers involving a specific polynomial or rational function. The Euler-Maclaurin formula for sums of powers is used to find the sums of some finite series of generalized harmonic numbers involving nonnegative integer powers, which can be used to evaluate the sums of the finite series of generalized harmonic numbers involving polynomials. Many examples and a computer program are provided.
For ease of notation the following convention is used:
The traditional harmonic numbers are a special case:
The following sum of powers can be expressed as a generalized harmonic number for nonnegative integer p: This formula expresses any power sum (1.4) with nonnegative integer p in a polynomial in n of degree p+1, and is used below to obtain a similar reduction for some finite series of generalized harmonic numbers. For a list of the resulting expressions of formula (1.6) up to p = 5, see section 5 below. In all following derivations it is assumed that 0 0 = 1 [3, 5] .
Summation by Parts
For application in section 3 below summation by parts is defined and proved.
Theorem 2.1. Let a ≤ b be two integers and let {x k } and {y k } be sequences of complex numbers. Let {s k } be the sequence of complex numbers defined by:
Then there is the following summation by parts formula:
Proof. From (2.1) follows:
Then (2.2) becomes:
Since s a−1 = 0 by definition (2.1), the theorem is proved.
Generalized Harmonic Number Identities
The following identity is a finite series of generalized harmonic numbers involving a certain polynomial or rational function.
Theorem 3.1. For nonnegative integer n and complex m, w:
Proof. The summation by parts theorem (2.2) is applied with a = 0, b = n + 1,
k , where the s k become:
and (2.2) becomes:
Let the following sum be given [3, 4, 6, 7] :
Then applying this theorem for m = 1 and w = −1 and H
The following identities are finite series of generalized harmonic numbers involving nonnegative integer powers, which can be used to evaluate finite series of generalized harmonic numbers involving polynomials [6, 7] . Theorem 3.2. For nonnegative integer n, p and complex m:
Proof. The order of summation over k and i is reversed:
The sum over k is splitted into three parts:
The last sum is expressed by (1.6), and the order of summation over k and i is reversed again.
For a list of the resulting expressions of formula (3.6) up to p = 5 and m = 4 see section 5 below.
Theorem 3.3. For nonnegative integer n, p and complex m:
The sum over k is evaluated with (1.6):
On the right side the power is evaluated with the binomial theorem:
The trinomial revision of binomial coefficients is used:
The terms with l = 0 are splitted off, the order of summation over k and l is reversed, and k and l are interchanged:
The first term is evaluated with (1.6), and for the second term the summation range over l is changed and (1.6) is used:
The order of summation over k and i is reversed again.
For a list of the resulting expressions of formula (3.9) up to p = 5 and m = 3 see section 5 below.
Generalized Harmonic Numbers Identities with Nonzero Offsets
The formulas above can be used to derive identities for generalized harmonic numbers (1.1) with nonnegative integer offset c = s. For this the following equation is used with nonnegative integer s:
which leads to:
The last sum can be evaluated as follows:
The power can be expanded with the binomial theorem, and changing the order of summation results with F (n, p, m) from (3.6) in:
which can be substituted in (4.2). In the case s = 0 the only nonzero term in this formula is for k = 0 with s k = 0 0 = 1, and because F (−1, p, m) = 0 the result in this case is F (n, p, m) as expected. Similar to the derivation above the second type of sums can be evaluated:
The power can be expanded with the binomial theorem, and changing the order of summation results with G(n, p, m) from (3.9) in:
which can be substituted in (4.5). For a list of the resulting expressions of formula (4.7) with s = n up to p = 5 and m = 1 see section 5 below.
Examples
Using the computer program of section 6 below, a list of many resulting expressions of the main formulas is provided. Formula (1.6):
Formula (3.6):
Formula (3.9):
+ n(n + 1)(2n + 1)H n+1 − 1 60 (n + 1)(94n 2 + 59n + 2) 
